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POSITIVE DEFINITE HERMITIAN MAPPINGS ASSOCIATED
TO TRIPOTENT ELEMENTS
ANTONIO M. PERALTA
Abstract. We give a simple proof of a meaningful result established by Y.
Friedman and B. Russo in 1985, whose proof was originally based on strong
holomorphic results. We provide a simple proof which is directly deduced from
the axioms of JB∗-triples with techniques of Functional Analysis.
1. Introduction
In holomorphic theory, the Riemann mapping theorem states that every simply
connected open proper subset of the complex plane is biholomorphically equivalent
to the open unit disk. The theory of holomorphic functions of several complex vari-
ables is substantially different by many reasons, for example, as noted by Poincare´
in the early 1900s, the Riemann mapping theorem fails when the complex plane
is replaced by a complex Banach space of higher dimension. Though, a complete
holomorphic classification of bounded simply connected domains in arbitrary com-
plex Banach spaces is unattainable, bounded symmetric domains in finite dimen-
sions were studied and classified by E. Cartan [6] using the classification of simple
complex Lie algebras, and by M. Koecher [14] and O. Loos [15] with more recent
techniques of Jordan algebras and Jordan triple systems. A domain D in a complex
Banach space X is symmetric if for each a in D there is a biholomorphic mapping
Φa : D → D; with Φa = Φ
−1
a , such that a is an isolated fixed point of Φa (cf. [19]
and [7]). In a groundbreaking contribution, W. Kaup shows, in [12], the existence
of a set of algebraic-geometric-analytic axioms which determine a class of complex
Banach spaces, the class of JB∗-triples, whose open unit balls are bounded sym-
metric domains, and every bounded symmetric domain in a complex Banach space
is biholomorphically equivalent to the open unit ball of a JB∗-triple; in this way,
the category of all bounded symmetric domains with base point is equivalent to the
category of JB∗-triples (see definitions below).
The dual “holomorphic”-“geometric-analytic” nature of JB∗-triples allowed dif-
ferent strategies to prove the most significant results in this category of complex
Banach spaces. For example, the contractive projection principle asserting that
the class of JB∗-triples is stable under contractive projections, was independently
proved with holomorphic techniques by W. Kaup [13] and L.L. Stacho [18] and with
tools of Functional Analysis by Y. Friedman and B. Russo [10]. Though most of
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the most significative results in JB∗-triple theory have been established with dual
holomorphic and analytic techniques, some important structure results remain un-
proved with techniques of Functional Analysis. An example of the latter is an useful
property stated by Y. Friedman and B. Russo in their study of the structure of the
predual of a JBW∗-triple carried out in [8, Lemma 1.5]. Before going into details,
we recall some background. It follows from the algebraic axioms in the definition of
JB∗-triples, each tripotent e (i.e. e = {e, e, e}) in a JB∗-triple, E, induces a Peirce
decomposition of E,
E = E2(e)⊕ E1(e)⊕ E0(e),
where for i = 0, 1, 2 Ei(e) is the
i
2 eigenspace of the mapping L(e, e)(x) = {e, e, x}.
Triple products between elements in Peirce subspaces satisfy the following Peirce
multiplication rules: {Ei(e), Ej(e), Ek(e)} is contained in Ei−j+k(e) if i − j + k ∈
{0, 1, 2} and is zero otherwise. In addition,
{E2(e), E0(e), E} = {E0(e), E2(e), E} = 0.
It is further known from the axioms that E2(e) is a JB
∗-algebra with product
a ◦e b := {a, e, b} and involution a
∗e := {e, a, e} (cf. [15, §3], [19, §19, §21] or [7,
§1.2 and Remark 3.2.2]). Therefore, the mapping
F1 : E1(e)× E1(e)→ E2(e)
(x, y) 7→ F1(x, y) = {x, y, e} ,
is well defined, continuous and sesquilinear. In [8, Lemma 1.5], Friedman and Russo
state that F1 also satisfies the following properties:
(a) F1 is hermitian, i.e, F1(x, y)
∗e = Q(e)F1(x, y) = F1(y, x), for every x, y ∈ E1(e);
(b) F1 is positive definite: Φ(x, x) ≥ 0 in E2(e) for every x ∈ E1(e), and F1(x, x) =
0 implies x = 0 in E1(e). 
The proof of the last statement in (b) is attributed to H. Upmeier in [19] (and to O.
Loos [15, 10.4] in the finite dimensional case). When exploring the last reference,
we are led to a deep holomorphic argument which requires a firm background on
holomorphic functions and Symmetric Banach Manifolds. Motivated by a question
from my colleagues M. Cabrera and A. Rodr´ıguez-Palacios, while they were gath-
ering information for a book in preparation [5], this note provides a simple proof
of the above properties which is directly deduced from the axioms of JB∗-triples,
and is free of holomorphic theory. We complement the original work of Friedman
and Russo providing a proof derived from the axioms with techniques of Functional
Analysis.
2. The results
A JB∗-triple is a complex Banach spaceE equipped with a triple product {·, ·, ·} :
E × E × E → E which is linear and symmetric in the outer variables, conjugate
linear in the middle one and satisfies the following conditions:
(JB∗-1) (Jordan identity) for a, b, x, y, z in E,
{a, b, {x, y, z}} = {{a, b, x}, y, z}− {x, {b, a, y}, z}+ {x, y, {a, b, z}};
(JB∗-2) L(a, a) : E → E is an hermitian (linear) operator with non-negative spec-
trum, where L(a, b)(x) = {a, b, x} with a, b, x ∈ E;
(JB∗-3) ‖{x, x, x}‖ = ‖x‖3 for all x ∈ E.
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Complex vector spaces admitting a triple product satisfying the above Jordan
identity are called Jordan triple systems. Examples of JB∗-triples include C∗-
algebras, JB∗-algebras and the space of all bounded linear operators between com-
plex Hilbert spaces.
Given an element a in a Jordan triple system E, the symbol Q(a) will denote
the conjugate linear mapping on E defined by Q(a)(b) := {a, b, a} . It is known that
the identity
Q(a)Q(b)Q(a) = Q(Q(a)b),
holds for every a, b ∈ E.
It follows from Peirce arithmetic that for each tripotent e in a JB∗-triple E, the
mapping
F1 : E1(e)× E1(e)→ E2(e)
F1(x, y) = {x, y, e} ,
is well defined, continuous and sesquilinear.
Let us recall some basic facts about numerical range and hermitian operators.
Let X be a Banach space, and u a norm-one element in X . The set of states
of X relative to u, D(X,u), is defined as the non empty, convex, and weak*-
compact subset of X∗ given by D(X,u) := {φ ∈ BX∗ : φ(u) = 1}. For x ∈ X ,
the numerical range of x relative to u, V (X,u, x), is defined by V (X,u, x) :=
{φ(x) : φ ∈ D(X,u)}. It is well known that a bounded linear operator T on a
complex Banach space X is hermitian if and only if V (BL(X), IX , T ) ⊆ R, where
BL(X) denotes the Banach space of all bounded linear operators on X (compare [3,
Corollary 10.13]). Furthermore, for each T in BL(X) we have V (BL(X), IX , T ) =
co W (T ) where W (T ) = {x∗(T (x)) : (x, x∗) ∈ Γ}, and Γ is any subset of Π(X) :=
{(x, x∗) : x ∈ X, x∗ ∈ X∗, x∗(x) = 1 = ‖x‖ = ‖x∗‖} satisfying that its projection
onto the first coordinate is norm dense in the unit sphere of X (see [2, Theorem
9.3]).
We are particularly interested in the set D(E2(e), e) of all states of the JB
∗-
algebra E2(e). It is known that D(E2(e), e) separates the points of E2(e), while
an element x ∈ E2(e) is symmetric (i.e. x
∗e = {e, x, e} = x) if and only if
ϕ(x) ∈ R for every ϕ ∈ D(E2(e), e) (compare [11, §1.2 and §3.6]). Fix x ∈ E1(e).
The axiom (JB∗-1) implies that L(x, x) is hermitian with non-negative spectrum,
thus ϕL(x, x)(e) lies in R+0 , for every ϕ ∈ D(E2(e), e). In particular {x, x, e}
is a positive element in E2(e), for every x ∈ E1(e). The polarisation formula
{x, y, e}+ {y, x, e} = {x+ y, x+ y, e}− {x, x, e}− {y, y, e} (x, y ∈ E1(e)), together
with the above fact, shows that {x, y, e} + {y, x, e} is a symmetric element in the
JB∗-algebra E2(e). In other words, the mapping F1 is hermitian and semi-definite
positive. A similar argument was applied in [1, Proposition 1.2] and in [16, page
412], to show that for every norm-one functional ϕ ∈ E∗ and every norm-one el-
ement z ∈ E (respectively, Φ ∈ D(BL(E), IE)), the mapping (.|.)ϕ : E × E → C
(x|y)ϕ := ϕL(x, y)(z) (respectively, (x|y)Φ := ΦL(x, y)) defines a continuous semi-
positive sesquilinear form on E.
Following standard notation, for each element a in a JB∗-triple E we denote
a[1] = a and a[2n+1] :=
{
a, a[2n−1], a
}
(∀n ∈ N). It is known that Jordan triples are
power associative, that is,
{
a[k], a[l], a[m]
}
= a[k+l+m] (cf. [15, §3.3] or [7, Lemma
1.2.10] or simply apply the Jordan identity). The element a is called nilpotent if
a[2n+1] = 0 for some n. A Jordan triple E for which the vanishing of {a, a, a}
implies that a itself vanishes is said to be anisotropic. It is easy to check that E is
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anisotropic if and only if zero is the unique nilpotent element in E. Clearly, every
JB∗-triple is anisotropic.
Lemma 2.1. Let a be an element in the Peirce-1 subspace associated to a tripo-
tent, e, in a JB∗-triple E. Suppose that {a, a, e} = 0. Then {b, c, e} = 0 and
Q(b)Q(c)(e) = 0, for every b, c in the JB∗-subtriple of E generated by a. In
particular,
{
a[3], e, a[3]
}
= 0.
Proof. Fix an arbitrary state ψ of the JB∗-algebra E2(e). The form (·|·)ψ : E×E →
C, (x|y)ψ := ψ {x, y, e} is sesquilinear and semi-positive with (a|a)ψ = 0. By the
Cauchy-Schwarz inequality, (a|x)ψ = (x|a)ψ = 0, for every x ∈ E. Since, ψ was
arbitrarily chosen in the set of states of E2(e) and D(E2(e), e) separates the points
of E2(e), we deduce that
(1) {b, a, e} = {a, b, e} = 0,
for every b in E1(e) and, in particular, for every b in the JB
∗-subtriple, Ea, generated
by a (note that Ea ⊆ E1(e)).
Fix b ∈ Ea. We consider now products of the form{
a[3], b, e
}
= {a, a, {a, b, e}}+ {a, {a, a, b} , e} − {a, b, {a, a, e}}
= (by (1) and the hypothesis) = 0.
Since{
a[2n+1], b, e
}
=
{
a, a,
{
a[2n−1], b, e
}}
+
{
a[2n−1], {a, a, b} , e
}
−
{
a[2n−1], b, {a, a, e}
}
,
it follows by induction that
{
a[2n−1], b, e
}
= 0, for every natural n. By linearity
and continuity we have
(2) {c, b, e} = 0,
for every b, c ∈ Ea, which proves the first statement.
For the second statement we consider b, c ∈ Ea. By (2),
Q(b)Q(c)(e) = {b, {c, e, c} , b} = −{e, c, {b, c, b}}+ 2 {{e, c, b} , c, b} = 0.
Consequently,
{
a[3], e, a[3]
}
= Q(a[3])(e) = Q(a)Q(a)2(e) = 0, as we wanted. 
Remark 2.2. Let e be a tripotent in a JB∗-triple E and let a be an element in
E1(e) with {a, a, e} = 0. The proof of the above Lemma 2.1 actually shows that
{b, c, e} = 0, whenever b, c belong to E1(e) and one of them lies in the JB
∗-subtriple
of E generated by a.
We can give now an elementary proof of the fact that the mapping F1 is positive
definite on E1(e)× E1(e).
Lemma 2.3. Let e be a tripotent in a JB∗-triple E. Then the sesquilinear mapping
F1 : E1(e)×E1(e)→ E2(e), F1(a, b) = {a, b, e} , is hermitian and positive definite,
that is, F1(a, b)
∗e = F1(b, a), F1(a, a) ≥ 0 in E2(e), and F1(a, a) = 0 if and only if
a = 0.
Proof. We only have to prove the last statement. To this end, take an element a in
E1(e) with {a, a, e} = 0. The Jordan identity implies that
1
2
a[7] =
1
2
{
a[3], a, a[3]
}
=
{
a[3], {e, e, a} , a[3]
}
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= −
{
e, a,
{
a[3], e, a[3]
}}
+ 2
{{
e, a, a[3]
}
, e, a[3]
}
.
By Lemma 2.1 and the assumptions, the last two summands in the above identity
are zero, therefore a[7] = 0, which gives a = 0. 
Remark 2.4. An strengthened geometric version of the above Lemma 2.3 ([8,
Lemma 1.5] was proved in [4, Proposition 2.4], where it is established that for
each tripotent e in a JB∗-triple E and every x ∈ E1(e) ∪ E2(e) we have ‖x‖
2 ≤
4‖ {x, x, e} ‖. However, the proof of this result makes use of the original result by
Friedman and Russo and subsequent strong structure results proved by the same
authors in [9].
We shall finish with an observation. The above Lemma 2.3 was established for
finite dimensional JB∗-triples by O. Loos in [15, 10.4]. In such case, the proof is
based on the following fact: for every finite dimensional JB∗-triple V there exists
an Aut(V )-invariant positive definite hermitian scalar product (.|.) : V × V → C
such that (L(x, y)(a)|b) = (a|L(b, a)(c)) for every a, b, x, y ∈ V (cf. [15, Proposition
3.4 and Lemma 10.2], see also [7, §1.2]). Although, for an infinite dimensional JB∗-
triple E, the existence of positive definite hermitian scalar product on E satisfying
the above condition seems to be hopeless, we shall give an argument to guarantee
its existence at least locally.
For a general JB∗-triple E, T. Barton and Y. Friedman showed, in [1, Proposition
1.2], the abundance of semi-positive sesquilinear forms on E. This fact will follow
as a consequence of our last result.
Let c be an element in a JB∗-triple E. Applying the Commutative Gelfand
Theory for JB∗-triples (see [12, §1]), the JB∗-subtriple, Ec, of E generated by c is
JB∗-isomorphic to C0(S) for some locally compact Hausdorff space S ⊆ (0, ‖c‖],
such that S∪{0} is compact. It is also known that there exists a triple isomorphism
Ψ from Ec onto C0(S), such that Ψ(c)(t) = t (t ∈ S) (compare [12, Lemma 1.14]).
Proposition 2.5. Let a be a norm-one element in a JB∗-triple E and let ϕ be
a norm-one functional satisfying ϕ(a) = 1. Then the restriction of ϕ to the JB∗-
subtriple of E generated by a is a triple homomorphism.
Proof. Let Ea denote the JB
∗-subtriple of E generated by a. We can identify Ea
with C0(S), where S is a locally compact Hausdorff space contained in (0, 1], 1 ∈ S
and S ∪ {0} is compact. Further, under this identification we can assume that a
identifies with the mapping t 7→ t (t ∈ S). Let ψ = ϕ|Ea . Clearly, ‖ψ‖ = 1 = ψ(a).
By a result of H.L. Royden (see [17]), there exists a non-negative (regular) Baire
measure µ on S ∪ {0} with µ(S ∪ {0}) = 1, such that |a| ≡ 1 on the closed support
of µ and ψ(g) =
∫
S∪{0} g(t)a(t)dµ(t) (g ∈ C0(S)). Clearly, ψ coincides with the
functional δ1(g) = g(1) (g ∈ C0(S)), and the statement follows. 
Corollary 2.6. Let a be a norm-one element in a JB∗-triple E. For each norm-one
functional satisfying ϕ in E∗ with ϕ(a) = 1, the prehilbertian seminorm (x|y)ϕ =
{x, y, a} (x, y ∈ E) satisfies (a|a)ϕ = 1. 
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